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Spin properties of Hg1−xCdxTe / CdTe quantum wells (QW) with inverted energy bands are considered using eight-band
k · p Hamiltonian. The spin splitting of doubly degenerate bands (Kramers pairs) was included via either Rashba or external
voltage Hamiltonians. The spin surfaces, which describe the average spin as a function of spin direction of a ballistic 2D charge
carrier, in general, are shown to be ellipsoidal rather than spherical. In extreme cases the spin surfaces may reduce to disk, line,
or Bloch sphere. Characteristic shapes of the spin surfaces at different wave vectors and QW composition x are presented in a
form of graphs in the spin space.
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1. Introduction

Passive spin components (filters, spin guides, bends,
couplers, etc.) and active devices (spin-FETs) are re-
quired in solid-state spintronics to transmit and control
electron and hole spin polarization [1–3]. Spin–orbit
(SO) interaction that couples charge current and spin
polarization is the main mechanism to control electron
and hole spins by external electric fields in these de-
vices. In the paper [4] a critical analysis of the main
pitfalls encountered in realizing the spin-FET were re-
vealed. Specifically, it was pointed out that the spin
surface, which is an analogue of the Bloch sphere [5],
is a very useful object to describe global properties of
the charge carrier spin. The knowledge of the spin sur-
face allows one to envisage possible trajectories in spin
devices as well as to make some judgements about the
matching conditions of spins at an interface between
different materials. Up till now, attempts to realize the
spin-FET in a form proposed by Datta and Das [6] were
unsuccessful. Very recently, however, it was experi-
mentally demonstrated that spin precession of hot elec-
trons in silicon can modulate the channel conductiv-
ity [7, 8]. Apart from elementary semiconductors and
A3B5 compounds the spin properties of which are ex-
tensively studied [1–3], there is a group of narrow or
zero gap semiconductors that may be of interest to spin-
tronics, namely, the inverted band semiconductors rep-

resented by HgTe. Very recently HgTe / Hg0.3Cd0.7Te
QWs were used to prove experimentally a new, the so-
called quantum spin Hall effect [9, 10], where the he-
lical edge state transport might be possible even in the
absence of the external magnetic fields.

In this paper we shall be interested in Hg1−xCdxTe /
CdTe QWs the lattice of which possesses zinc-blende
symmetry. In HgTe the conduction band of Γ6 sym-
metry is separated from the valence band by the neg-
ative energy gap Eg and at the same time is inverted
upside-down as shown in Fig. 1(a). The light-mass
band of symmetry Γ8 is inverted too and plays the role
of the conduction band. The inverted energy bands in
Hg1−xCdxTe appear when x < 0.18. At these val-
ues of x the QW consists of CdTe barriers with posi-
tive (normal) band gap and of Hg1−xCdxTe well with
inverted bands as shown in Fig. 1(b). Spatial quanti-
zation of the wave function in the well gives rise to
2D electron and hole energy subbands, where inter-
play between the inverted and normal bands arises.
If Hg1−xCdxTe bands are inverted, two distinct het-
erostructure regimes can be realized [12–17]. When
Hg1−xCdxTe quantum well is thin enough then the first
electronic subband E1 is pushed up high enough, above
the first heavy-hole energy subband H1. The QW in
this case, despite band inversion in the well material, in
fact appears as a normal semiconductor. However, in
thick HgTe wells the first heavy-hole subband H1 rises
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(a) (b)
Fig. 1. (a) The inverted band structure of bulk HgTe, where band symmetry nomenclature is indicated. (b) Conduction (dashed line) and
valence (solid line) band edge profiles in CdTe / HgTe / CdTe quantum well. In CdTe the gap Eg is positive, while in HgTe it is negative, as
shown by up and down arrows, respectively. The inverted 2D subbands in the QW appear when the width of the QW is approximately larger

than 7.2 nm.

above E1. In this case one has the inverted 2D subband
regime even at large kinetic energies of the electrons.
Concrete values of the critical well thickness can be
found from band edge intersection. In Fig. 2, the de-
pendence of the subband edge energies on QW width
is plotted in the case of HgTe / CdTe QW, where it is
seen that at well width 7.2 nm the conduction E1 and
valence H1 subbands intersect and at larger well widths
the role of the lowest conduction band is played by the
hole H1 subband. For Hg0.3Cd0.7Te / HgTe QW the
critical thickness is 6.3 nm [10]. Below we shall be in-
terested in inverted 2D semiconductors represented by
Hg1−xCdxTe / CdTe, where the giant Rashba SO split-
ting in electronic 2D structures have recently aroused
much interest due to their possible application in spin-
tronics [11–17]. The Rashba spin-splitting of up to
30 meV has been measured, which is almost an order
of magnitude larger than in A3B5 compounds [2].

In Refs. [4, 18] it has been shown that SO interaction
brings about strong nonsphericity in the spin surfaces,
especially in the valence bands where band rearrange-
ment in the center of the Brillouin zone frequently takes
place. Since in Hg1−xCdxTe / CdTe QWs the light-
mass band plays the role of the conduction band, one
expects that spin surfaces of the conduction band will
be deformed strongly too. In case of normal band or-
dering, for example in A3B5 compounds, the conduc-
tion band spin surfaces are close to spherical and in
this case the Bloch sphere can be used to represent free
electron spin precession and spin dynamics under ex-

Fig. 2. Dependence of 2D conduction E1–E2 and valence H1–
H3 subband edge energies on the well width in CdTe / HgTe QWs.
Note that at well width 7.2 nm the E1 subband intersects with H1
valence subband. The spectra at dotted vertical lines are shown in

Fig. 3.

ternal excitation as shown in Ref. [19]. As we shall see
below, in the inverted band semiconductors the situa-
tion is different.

In the next section using k · p and Rashba Hamil-
tonians the spectrum of 2D electrons and holes is in-
vestigated in Hg1−xCdxTe / CdTe QWs at well width
of 12 nm. In Secs. 3 and 4 the needed spin–orbital
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matrices and parametrized spinors are constructed. Fi-
nally, in Sec. 5 the results of numerical calculations in
a form of spin surfaces in the spin space are presented
and examined. In this article only the case when the

QW subbands are in the inverted regime will be con-
sidered. The preliminary results were published in the
letter [20].

2. Basis functions and Hamiltonians

The band structure needed for numerical calculations below is based on an envelope function approach intro-
duced by Burt [21] and applied by Foreman [22] to take boundary conditions in zinc-blende-type semiconductors
correctly. The corresponding basis functions in the centre of the Brillouin zone in the total angular momentum J

representation |J,mJ〉, where mJ is the azimuthal quantum number, are (see Fig. 1(b) for band symmetry nomen-
clature):

|Γ6,+1/2〉= (1/
√

3)|S ↑〉 ,

|Γ6,−1/2〉= (1/
√

3)|S ↓〉 ,

|Γ8,+3/2〉= (1/
√

2)|(X + iY ) ↑〉 ,

|Γ8,+1/2〉= (1/
√

6) (|(X + iY ) ↓〉 − 2|Z ↑〉) ,

|Γ8,−1/2〉=−(1/
√

6)|(X − iY ) ↑〉 + 2|Z ↓〉 ,

|Γ8,−3/2〉=−(1/
√

2)|(X − iY ) ↓〉 ,

|Γ7,+1/2〉= (1/
√

3) (|(X + iY ) ↓〉 + |Z ↑〉) ,

|Γ7,−1/2〉= (1/
√

3) (|(X − iY ) ↑〉 − |Z ↓〉) , (1)

where Γi,mJ in the kets indicate, respectively, the representation and projection of the angular momentum. The
orbitals |X〉, |Y 〉, and |Z〉 transform as Cartesian coordinates x, y, and z, and |S〉 is totally symmetric. The exact
expressions for these functions are not required in the following. The up and down arrows indicate two spin states.
The basis (1) is orthonormalized.

The Hamiltonian with [001] growth direction takes the following form in the above basis [22, 23]:
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, (2)

where three diagonal blocks correspond to, respectively, conduction, valence, and SO split-off bands. The coordi-
nate z is assumed to be perpendicular to the QW plane. The in-plane wave vector is characterized by k± = kx± iky

and k2
‖ = k2

x + k2
y , while the perpendicular to QW wave vector is represented by the differential operator

kz = −i∂/∂z. The other symbols in Eq. (2) are:
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2
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2
. (11)

Here [A,B] = AB − BA is the commutator and
{A,B} = AB + BA is the anticommutator. P is
the Kane momentum matrix element. The conduction
Ec and valence Ev band edges, Fig. 1(b), spin–orbit
splitting energy ∆, and the valence–conduction band
parameters γ1, γ2, γ3, κ, and F are functions of the
coordinate z. It is assumed that the band structure pa-
rameters change abruptly at the interface. The param-
eter F is related to the conduction-band-edge mass via
mc/m0 = 1/(2F + 1). The parameter κ is expressed
through valence band parameters, κ = (−1 − γ1 +
2γ2 + 3γ3)/3. In the bulk materials, the commutator
[κ, kz] is equal to zero and in this case one has C = 0,
S± = S̃± = −(~2/m0)

√
3γ3k±kz . The parameter

µ = (γ3 − γ2)/2 describes the magnitude of valence
band warping. The Hamiltonian (2) gives doubly spin-
degenerate bands, i. e. Kramers doublets. At k = 0 the
valence band has symmetry Γ8. In HgTe, at k 6= 0 the
valence band splits into heavy-mass and inverted light-
mass bands, i. e. electron-like bands in the following
denoted as Γ

±3/2
8 and Γ

±1/2
8 , respectively. The band

Γ
±1/2
6 , which in A3B5 compounds plays the role of the

conduction band, in HgTe is also inverted and shifted
down in energy by 0.303 eV. The spin split-off valence
band is below by 1.08 eV from Γ8 point.

Table 1. Band structure parameters of Hg1−xCdxTe / CdTe quan-
tum wells. Eg is the energy gap, ∆ is the spin–orbit splitting en-
ergy, Λ is the valence band offset, Ep = 2m0P

2/~
2 is the energy

related to the Kane momentum matrix element P , F is related to
the conduction band effective mass, γi’s are valence band parame-

ters, ri’s are the Rashba coefficients.

HgTe Hg0.3Cd0.7Te CdTe

Eg (eV) −0.303 1.006 1.606
∆ (eV) 1.08 0.961 0.91
Λ (eV) 0 0.404 0.577
Ep (eV) 18.8 18.8 18.8
mc 0.02 0.045 0.096
F 24.5 10.6 4.7
γ1 4.1 2.26 1.47
γ2 0.5 −0.046 −0.28
γ3 1.3 0.411 0.03
rc (eV nm) 0.1
rv (eV nm) 0.1
rs (eV nm) 0.1
rvs (eV nm) 0.1

The band structure parameters are listed in Table 1.
In mercury-rich Hg1−xCdxTe alloys the parameters
were obtained by linear interpolation, except for the en-
ergy bandgap. In Hg1−xCdxTe the dependence of the
gap Eg on temperature T and composition x was ap-
proximated by empirical formula [24]

Eg(eV) = −0.303(1−x)+1.606x−0.132x(1−x)

+
[6.3(1−x)−3.25x−5.92x(1−x)] · 10−4T 2

11(1−x) + 78.7x+ T
. (12)

As mentioned, the energy will be referenced with re-
spect to valence band edge in the QW, Fig. 1(b). From
this figure one reads

Ec(z) =

{

Eg(CdTe) − Λ > 0 in the barrier ,
Eg(HgTe) > 0 in the well ,

(13)

Ev(z) =

{−Λ < 0 in the barrier ,
0 in the well ,

(14)

where Λ is the valence band offset at the barrier–well
interface.

The spin-splitting of the 2D bands may arise from
the absence of inversion symmetry in the constituent
layers (bulk asymmetry) and the QW asymmetry (struc-
tural asymmetry). The latter may be induced by the
stress field, internal or external electric field in the
direction perpendicular to the QW, or may be inher-
ent to the QW itself (Rashba spin-splitting), for ex-
ample, due to different arrangement of atoms in op-
posite interfaces. Large electric field-induced spin-
splitting effect in narrow-gap HgCdTe was observed
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for the first time in the oscillatory magnetoconductiv-
ity experiments by Wollrab et al. [25]. Later, in pa-
pers [13, 15, 17, 23, 26, 27] this was confirmed in var-
ious experiments with HgTe / CdTe QW’s, where the

spin-splitting energy as high as 30 meV was observed.
Here we shall mainly be concerned with the Rashba
spin-splitting and electric field induced spin-splitting in
the QWs.

The Rashba Hamiltonian for 8-band zinc-blende semiconductor was considered by the invariant method in
the book [28]. If has been found that the most general form of the Rashba Hamiltonian for the zinc-blende
lattice may have as many as ten free parameters. Estimation of the magnitudes of these parameters for var-
ious semiconductors shows that only five–six of them are important. Below, in writing the Rashba Hamil-
tonian only the leading ones were included (r6c6c

41 , r8v8v
41 , r7v7v

41 , and r8v7v
51 in the notation of the book [28]).

Here the reduced Hamiltonian, when the Rashba field is parallel to z axis, will be used. Then, in the basis
|JmJ〉 =

(

|1
2

1
2
〉, |1

2
1
2
〉, |3

2
3
2
〉, |3

2
1
2
〉, |3

2
1
2
〉, |3

2
3
2
〉, |1

2
1
2
〉, |1

2
1
2
〉
)

the Rashba Hamiltonian assumes the form
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, (15)

where rc, rv, and rs are the Rashba coefficients for conduction, valence, and spin–orbit split-off bands and rvs

includes the coupling between the bands. In the Hamiltonian (15) the leading terms are linear in the wave vector
k± = kx ± iky.

The calculations were also repeated when the spin-
splitting is induced by externally applied voltage Vb

over the structure. The respective potential was as-
sumed to change linearly with the coordinate z in the
diagonal Hamiltonian,

HR = e Vb (z/L) I, (16)

where L is the total transverse length of the structure
and I is (8 × 8) unit matrix. The full Hamiltonian of
the problem is equal to the sum of both Hamiltonians,

H = H0 +HR . (17)

The mercury chalcogenide lattice does not possess
the inversion symmetry. This asymmetry brings an
additional contribution to the spin-splitting that is in-
cluded through cubic in the wave vector terms in
the Hamiltonian (the Dresselhaus contribution [29]).
The available experimental data indicate that the spin-
splitting in bulk mercury telluride should be very
small [26]. Thus, spin precession due to Dressel-
haus contribution, if any, should be negligible too. On
the other hand, the spin-splitting in asymmetric n-type
HgTe single quantum wells, due to Rashba mechanism

in combination with the inverted band structure, was
found to be very large [12, 25–27]. By this reason we
shall neglect the Dresselhaus contribution altogether.

2.1. Boundary conditions and method of solution

The wave functions (envelope functions) of the
Hamiltonian (17) should remain continuous in the tran-
sition from the well to barrier layers. Also the deriva-
tives with respect to coordinate z should be continuous.
As shown by Burt [21] and Foreman [22] the correct
rather than ad hoc symmetrization of the operators in
the Hamiltonian provides an unambiguous determina-
tion of the boundary conditions at the interface. The
required derivative matrix was presented in [23]. It
should be noted that the required boundary conditions
are automatically satisfied through the (correct) oper-
ator ordering in the Hamiltonian (2), since the Hamil-
tonian (2) contains apart from the symmetrized terms
the additional off-diagonal elements [κ(z), kz], which
are equal to zero in the bulk structures. Therefore, in
the numerical calculations the approximation of deriva-
tives by finite differences and subsequent expansion of
the Hamiltonian on a large mesh automatically takes
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Fig. 3. Dispersion of main electron and hole subbands in QWs at two well widths: (a) d = 5 nm and (b) d = 12 nm. Zero of the energy is
referenced to valence band edge in the well (see Fig. 1(b)).

into account the correct boundary conditions. For fur-
ther discussion on this point see the Ref. [30].

The finite difference method was used to discretize
the wave function and its derivatives. After the dis-
cretization the resulting Hamiltonian had a blocked
structure. The Hamiltonian consisted of (8× 8) diago-
nal blocks that corresponded to mesh points zn, and ad-
jacent upper and lower (8×8) blocks that corresponded
to mesh points zn+1 and zn−1, respectively. The poten-
tial of the first and the last points on the mesh has been
assumed infinite, what is equivalent to nullifying the
wave functions at the extreme ends of the barriers. At a
given wave vector the spectrum of such Hamiltonian is
discrete. Only those energy levels and wave functions
that lie in the quantum well are physically meaningful
and are consistent with the infinite lengths of the barri-
ers, where all wave functions of the QW energy levels
should decay exponentially. Discretized and expanded
in this way Hamiltonian gives the correct eigenvalues
if the discretization step is small enough and the mag-
nitudes of wave functions in the extreme ends of the
barriers are negligible.

Singular value decomposition (SVD) has been used
to find the eigenvalues and corresponding eigenfunc-
tions of the total Hamiltonian (17). For solutions to
be meaningful, the SVD algorithm requires all eigen-
values to be positive [31]. Therefore, a constant en-
ergy was added to diagonal elements of the Hamilto-
nian (17) to shift all spectrum to positive values. This
has no influence on the eigenfunctions and spin prop-
erties.

2.2. Spectrum and probability distribution

Figures 3 and 4 show the energy of main 2D elec-
tron and hole subbands as a function of the wave vec-
tor parallel to [10] in-plane crystallographic direction.
In Fig. 3 the spectra were calculated for two different
widths of the QW. At short well width, d = 5 nm,
the energies of electronic (E1, E2) and hole (H1, H2,
and H3) subbands are positive and negative, and are
separated by energy gap, i. e. their character bears re-
semblance to the standard 2D spectral structure. At
d = 12 nm, Fig. 3(b), the bands are inverted. As a
result the subband edge energy of the electron E1 sub-
band becomes negative (see Fig. 3). The dispersion of
E1 band becomes flat and therefore disappears at the
energy scale of the Fig. 3(b). On the other hand, the
H1 subband becomes electron-like. However, as we
shall see from spin properties of this subband, the va-
lence band character of its wave function is preserved
at small wave vectors only. At large wave vectors the
wave function gradually acquires the conduction band
character. In other words the H1 band is a mixture of
conduction and valence bands, with heavy-hole valence
band character prevailing only at low electron energies.
In Fig. 3(b) the barrier material is Hg0.3Cd0.7Te. The
properties of the wells with CdTe barriers were found
to be similar.

When the Rashba Hamiltonian (15) is included, the
double degeneracy of the subbands is lifted (spin-
splitting). The splitting is better seen in Fig. 3(b). In
H1 and H2 subbands the splitting goes through maxi-
mum while in E2 subband it monotonously increases
with the wave vector. According to experiments [14]
the Rashba coefficient is r = (0.05 − 0.2) eV nm. The
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Fig. 4. (a) Dispersion of the lowest conduction, E2 and H1, and valence, H2, H3, and H4, bands and (b) spin-splitting in HgTe /
Hg0.3Cd0.7Te QW when the bias voltage (see the Hamiltonian (16)) of the amplitude 0.25 V was applied over the structure. k‖[10],

d = 12 nm.

Fig. 5. Probability distribution density in the subbands E2, H1, H2, and H3 at the wave vector k‖[11] and |k|=0.15 nm−1. The vertical
lines show well–barrier interface.

values rc = rv = rs = rvs ≡ r = 0.1 eV nm were
used. In Ref. [20] the expanded view of the dependence
of spin-splitting energy on wave vector was given.

The external electric field also brings about spin-
splitting. The effect of an external bias Vb (Hamilto-
nian (16)) on the subband spectrum is shown in Fig. 4
for QW of width d = 12 nm. As in the Fig. 3, the
energy of the first heavy-hole subband H1 is inverted
(electron-like) and lies above the first electronic sub-
band E1 (not shown in the figure). In Fig. 4(b) the

spin-splitting in the structure is caused by electric field
≈ 70 kV/cm (the Rashba interaction r = 0 was set in
this case). No space charge effects were included and
the external electric field was assumed to be constant
over the structure.

Figure 5 shows the probability density distribution
in two main conduction (E2, H1) and two valence (H2,
H3) subbands of the QW, when the spin-splitting is in-
cluded through the Rashba matrix (15). In these and
in subsequent figures the QW width was assumed to
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be d = 12 nm and the length of total structure L =
36 nm. The pairs of the probability distributions (solid
and dotted lines) in Fig. 5 correspond to spin-split en-
ergy subbands (see Fig. 4). As it should be, it has
been found that the number of maxima and minima
grows with the subband number, however, the distri-
bution does not reach zero as is the case with simple
quantum systems. The Hamiltonian HR has negligible
effect on general probability distributions shown in the
Fig. 5 for SO coupling values used in this article.

3. Spin and orbital matrices

In the absence of SO interaction the energy bands
are doubly degenerate. As follows from the Kramers
theorem [32], the origin of which comes from time-
reversal symmetry, the doubly degenerate band eigen-
spinors correspond to two spin states with the average
spins pointing in the opposite directions. The concrete
spin direction in the real space, however, does not nec-
essarily coincide with the z axis, since now the spin
depends on carrier wave vector k and the selected en-
ergy subband. Within Kramers degenerate subbands,
the superpositions of the eigenstates do not change the
eigenenergy E(k). However, the direction of the av-
erage spin as well as its magnitude, in general, will
depend on a selected superposition. In the absence of
SO interaction, the two-component spinor superposi-
tions can be represented by points on the Bloch sphere,
which usually serves as a locus to depict all possible
spin trajectories in the spin control or quantum com-
putation. The spherical symmetry is preserved for iso-
lated spins only. In semiconductors the main interac-
tion mechanism between the spin and atomic orbitals
comes from SO interaction, which may rearrange en-
ergy bands in the Brillouin zone and, depending on the
wave vector symmetry group, simultaneously lift off
Kramers pair splitting. As a result the spin trajectories
cannot be represented on the Bloch sphere anymore.
Nevertheless one can show that all possible spins (their
directions and magnitudes) can still be mapped onto the
closed spin surface in a three-dimensional spin space,
the axes of which coincide with the real space Cartesian
axes. This property allows one to describe spin dynam-
ics in a self-evident manner in the real space rather than
in an abstract Hilbert space.

To calculate spin surfaces of the individual sub-
bands one must know spin matrices written in the
same representation as the Hamiltonian (2). The
method of construction of the required spin matrices
was described in Ref. [33]. In the basis |JmJ〉 =

(

|1
2

1
2
〉,|1

2
1
2
〉,|3

2
3
2
〉,|3

2
1
2
〉,|3

2
1
2
〉,|3

2
3
2
〉,|1

2
1
2
〉,|1

2
1
2
〉
)

one finds
the following (8× 8) Cartesian components of the spin
vector matrix S = (Sx, Sy, Sz):

Sx =

































0 1
2

0 0 0 0 0 0
1
2

0 0 0 0 0 0 0

0 0 0 1

2
√

3
0 0 1√

6
0

0 0 1

2
√

3
0 1

3
0 0 1

3
√

2

0 0 0 1
3

0 1

2
√

3
− 1

3
√

2
0

0 0 0 0 1

2
√

3
0 0 − 1√

6

0 0 1√
6

0 − 1

3
√

2
0 0 −1

6

0 0 0 1

3
√

2
0 − 1√

6
−1

6
0

































, (18)

Sy =

































0 − i
2

0 0 0 0 0 0
i
2

0 0 0 0 0 0 0

0 0 0 − i

2
√

3
0 0 − i√

6
0

0 0 i

2
√

3
0 − i

3
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3
√

2

0 0 0 i
3
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2
√

3
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3
√

2
0
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√

3
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6
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√

2
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6
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3
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2
0 i√

6
− i

6
0

































,

(19)

Sz =































1
2

0 0 0 0 0 0 0
0 −1

2
0 0 0 0 0 0

0 0 1
2

0 0 0 0 0

0 0 0 1
6

0 0 −
√

2
3

0

0 0 0 0 −1
6

0 0 −
√

2
3

0 0 0 0 0 −1
2

0 0

0 0 0 −
√

2
3

0 0 −1
6

0

0 0 0 0 −
√

2
3

0 0 1
6































. (20)

These matrices satisfy standard commutation relations,
for example, SxSy − SySx = iSz . The square of the
vector S gives the diagonal matrix S2 = (3/4)I , where
I is (8× 8) unit matrix. Equations (18)–(20) show that
conduction band edge multiplet, J = 1/2, is totally
decoupled from the other bands.

Similarly one can introduce orbital surfaces that are
related with the electron angular momentum operator
L. Introduction of such an object in solids is justified
by the fact that normally the free electron or hole is
propagating in one of the energy subbands that is dou-
bly degenerate (Kramers pair), or split due to spin–orbit
interaction, with spin-splitting energy ∆E(k) small as
compared to the degeneracy energy E(k). Thus, below
for completeness we shall calculate the orbital surfaces.
The respective components of the angular momentum
matrix L = (Lx, Ly, Lz) can be calculated in a similar
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manner as spin matrices. In the abovementioned basis
they are

Lx =












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, (21)

Ly =




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, (22)

Lz =




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
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





. (23)

As it should be, these matrices also satisfy standard
commutation relations LxLy − LyLx = iLz , etc. The
zeros in the upper (4× 4) diagonal blocks are in agree-
ment with the fact that the conduction band is made of
s-type atomic orbitals. The total angular momentum,
J = L+S, is equal to the sum of the above constructed
Li and Si matrices. Since the Hamiltonian (17) is in the
total angular momentum J representation, the matrix
Jz = Lz + Sz , as can be checked by adding matrices
(23) and (20), is diagonal with elements on the diago-
nals that represent J = 1/2, 3/2, and 1/2 multiplets
that correspond to conduction, valence, and spin–orbit
split-off bands.

4. Parametrization of 2D wave functions

In interpreting various physical properties of semi-
conductors it is a common practice to use energy repre-

sentation, where band properties are described by dis-
persion law Ei(k), with i being the band index. To find
all possible spin superpositions states in the ith band at
wave vector k we shall use the energy representation
and will parametrize the considered ith Kramers pair
(energy band) in the following way:

|ϕ(Γi)〉 = cosϑ|ϕ(Γ−mJ
i )〉 + sinϑ eiφ|ϕ(ΓmJ

i )〉 ,
(24)

where mJ = 1/2 or 3/2, and the parameters ϑ and φ
define the amplitude and phase in the superposition of
spin states. As mentioned, it will be assumed that only
one doubly degenerate or nearly degenerate Kramers
pair is occupied by free charge carrier. The required
band dispersion laws Ei(k), where i indicates Γ

±1/2
8 ,

Γ
±3/2
8 , Γ

±1/2
7 , or Γ

±1/2
6 band, can be found by diago-

nalizing the Hamiltonian (2) with an appropriate (8×8)
unitary matrix U :

U †HU ≡ HE =

diag

[

2E
Γ
±1/2

8

, 2E
Γ
±1/2

8

, 2E
Γ
±1/2

6

, 2E
Γ
±1/2

7

]

, (25)

where “diag” indicates the diagonal (8 × 8) matrix,
with pairs of bands having the same point group sym-
metry. In the energy representation (25), in the order
of decreasing eigenenergies, the parametrized spinors
have the following forms:

|ϕ(Γ
±1/2
8 )〉 =(cosϑ, sinϑ eiφ, 0, 0, 0, 0, 0, 0) , (26a)

|ϕ(Γ
±3/2
8 )〉 =(0, 0, cosϑ, sinϑ eiφ, 0, 0, 0, 0) , (26b)

|ϕ(Γ
±1/2
6 )〉 =(0, 0, 0, 0, cosϑ, sinϑ eiφ, 0, 0) , (26c)

|ϕ(Γ
±1/2
7 )〉 =(0, 0, 0, 0, 0, 0, cosϑ, sinϑ eiφ) . (26d)

The parameters ϑ and φ have no influence on the band
eigenenergies. By selecting the concrete values of ϑ
and φ one fixes different mixing ratios and phase rela-
tions between the Kramers doublets. With the help of
the parameters ϑ and φ one can change the magnitude
and spin direction of carrier that propagates in a partic-
ular subband with a given wave vector k. The required
unitary matrix U can be constructed from the eigen-
functions of the considered Hamiltonian (17) [34]. If U
is known, the spinor in the initial Jz representation (1)
then will be

|ψ(ϑ, φ)〉 = U |ϕ(ϑ, φ)〉 . (27)

In the following we shall be interested in the quan-
tum mechanical average spin 〈S〉. Mathematically the
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Fig. 6. Spin surfaces and their horizontal projections for E2, H1, and H2 subbands (columns). The QW lies in x–y plane. The direction
of the wave vector k is shown by lines, k‖[10]. Its magnitude for, respectively, upper, middle, and bottom rows is |k| = 0.06, 0.15, and

0.3 nm−1.

spin surface represents all possible realizations of 〈S〉,
when the parameters ϑ and φ are allowed to vary,

〈S(ϑ, φ)〉 = 〈ψ(ϑ, φ)|S|ψ(ϑ, φ)〉, (28)

where S is given by matrices (18)–(20). As mentioned,
the spinor |ψ〉 represents all possible superpositions of
“up” and “down” spin eigenstates in the Kramers pair.
The same parametrized spinors (26) were used to find
orbital surfaces 〈L(ϑ, φ)〉.

5. Spin and orbital surfaces

Figures 6 and 7 show spin surfaces 〈S(ϑ, ϕ)〉 for
three energy subbands when k||[10] and k||[11] and
their transformation when the in-plane wave vector k

increases. To draw the spin surface at a selected k, at
first the eigenvectors were calculated numerically from
the total 2D Hamiltonian and the unitary matrix U was
constructed. The application of U to the parametrized
superposition of type (26) gave the spinors in Jz repre-
sentation having two parameters ϑ and φ. In the figures,

the parallels and meridians that visualize spin surfaces
correspond to either ϑ = const or φ = const, respec-
tively. The straight line (not shown in the figures) that
connects two singular points (poles) on the spin surface
represents the natural quantization axes of the problem.
It is seen that in the considered case the quantization
axes lie in the QW plane and are perpendicular to k. If
the spin-splitting is neglected (HR = 0) the subbands
become degenerate and, as a result, the quantization
axis is not fixed in the spin space. In the numerical
calculations its direction, in fact, is determined by al-
gorithm used. In the present calculations the quantiza-
tion axis (not the orientation of the spin surface in the
spin space) has aligned automatically with 〈Sz〉 when
HR has been switched off. It should be stressed once
more that the spin surface is a universal characteris-
tic: neither its shape nor alignment in the spin space
does depend on the concrete values of the spin-splitting
energy ∆E as long as ∆E ¿ E. Thus, on the dis-
persion curve in the vicinity of the degeneracy point
E the spin surface will represent all allowed directions
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Fig. 7. The same as in Fig. 6 but for k‖[11].

and magnitudes of the injected spins into the spin FET
channel. In the experiment, the concrete direction and
magnitude of 〈S〉 will be selected by spin injector.

The first columns in the Figs. 6 and 7 show that,
independent of electron energy, the shape of the spin
surface in E2 subband does not depend on k and is
very close to the Bloch sphere. Therefore, E2 electron
spin dynamics to high accuracy can be described by the
standard precession equation

d〈S〉
dt

= −Ω × 〈S〉 , (29)

where Ω is the precession vector parallel to the natu-
ral quantization axis. The modulus of Ω is equal to
the spin-splitting energy ∆E divided by Planck’s con-
stant ~. The spherical symmetry of E2 subband is re-
lated with the fact that it originates from s-like atomic
orbitals of the bulk conduction band (the band Γ

±1/2
6

in Fig. 1(b)). In Ref. [19] it has been shown that the
sphericity of the electron spin surfaces in A3B5 QW’s
is satisfied to high accuracy: the difference in lengths

of the fundamental spin surface ellipsoidal axis appear
to be smaller than 0.1%. From this it may be con-
cluded that the free electron spin dynamics (for exam-
ple, the precession represented by circles around the
quantization axis, or spin echoes of the ensemble of
spins) in E2 subband will be exactly the same as in the
standard EPR or NMR experiments, where, as known,
the dynamics of an ensemble of spins could be com-
pletely described by average spin trajectories on the
Bloch sphere.

In Figs. 6 and 7 the second columns show that in
the electronic H1 subband there is a large admixture
of p-type atomic orbitals, since the spin surface shape
strongly depends on the charge carrier wave vector.
This property has been found earlier for heavy-mass
holes in bulk A3B5 semiconductors, in which the va-
lence band consists entirely of p-atomic orbitals [18,
35]. At small wave vectors the spin surface is needle-
like and reduces to a line at k = 0, however it blows
up to the Bloch sphere when the free carrier energy
becomes large enough. This indicates that H1 indeed
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Fig. 8. Orbital surfaces and their horizontal projections for E2, H1, and H2 subbands (columns). The QW lies in x–y plane. The direction
of wave vector k‖[11] is shown by lines. The magnitude of k is, respectively, for the upper, middle, and bottom rows: |k| = 0.06, 0.15, and

0.3 nm−1.

originates from the bulk valence band spinors at small
energies and from the conduction band spinors at large
energies. If the electron injected into H1 subband ap-
pears to have small energy, its spin polarization will
always be linear and parallel to QW normal. From this
follows that to have an efficient spin injection into this
subband the injector should have vertical rather than
horizontal polarization. Furthermore, the average spin
precession trajectories of such injected electrons can-
not be described by the standard precession Eq. (29).
Now the trajectories, as it is suggested by the spin sur-
face of H1 subband, will assume the shape of elongated
ellipses. In the case of A3B5 holes, the respective pre-
cession equations (analogues of Eq. (29)) were given in
Refs. [18, 35] for various directions of k. Strong devi-
ation of spin surface shape from spherical one explains
why in the experiments it is difficult to observe free
electron EPR under thermal carrier distribution.

In the H2 subband (the fundamental hole subband),

as the third columns in Figs. 6 and 7 demonstrate, the
spin surfaces are needle-shaped at low hole energies
and disc-shaped at high energies. In the latter case all
possible spin polarizations will stretch out on a flat sur-
face. However, the surface does not possess rotational
symmetry with respect to the wave vector. The Figs. 6
and 7 also suggest that the spin surface rotates syn-
chronously with the in-plane wave vector k. A more
detailed comparison between the spin surface projec-
tions on 〈Sx〉–〈Sy〉 plane as well as on other symmetry
planes allows one to conclude that possible variance in
the spin surface shape is very small, if any, for different
k directions when |k| = const. Thus, the shape of the
spin surface is mainly determined by the magnitude of
k and selected energy subband.

Figure 8 shows the orbital surfaces calculated under
similar conditions. For an s-type atomic orbital, as it is
well known, one has L = 0, and as a result the orbital
surface should shrink to a point. As can be seen from
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the first column, however, due to very small admixture
of p-atomic orbitals, the surface has a finite volume al-
beit of small magnitude. From this it may be concluded
that orbital rather than spin surface is more sensitive
to small admixture of p-type orbitals. The second and
third columns show that orbital surface shapes of other
subbands strongly depend on |k|.

Since the total angular momentum is J = L + S,
the Figs. 7 and 8 can be used to build the correspond-
ing surfaces for the total angular momentum 〈J〉 =
〈L〉 + 〈S〉. The latter visualizes all allowed values and
directions of the average J.

6. Conclusions

In the inverted HgTe QWs the spin surfaces may
have various shapes – spherical, ellipsoidal, disk-, or
even needle-like. The shape of the spin surface de-
pends on QW composition [36] and free carrier wave
vector but is independent of a particular SO interaction
mechanism used (Rashba or QW asymmetry in elec-
tric field). In 2D conduction subbands, the spherical
shape is preserved only for high energy electrons. The
spin surface of the fundamental conduction subband
transforms from linear to spherical shape when elec-
tron energy increases. This property comes from band
inversion and is absent in normal gap A3B5 and A2B6

QWs, where the energy gap is positive. The spin sur-
faces of 2D valence subbands, in general, were found
to be nonspherical. The nonsphericity is related with
the transformation of the valence band in the centre of
the Brillouin zone and the dependence on the charge
carrier wave vector.

The knowledge of the spin surface shape allows one
to envisage spin precession trajectories of ballistic car-
riers. This is important in designing spintronics devices
and in understanding global spin properties of charge
carriers injected into spin-FET channel or spin wave-
guide as well as in predicting spin matching conditions,
for example, between the spin injector and channel. Of
particular interest may be the needle-like spin surfaces
at low carrier energies. The charge carriers with such
surfaces allow one to achieve linear rather than circular
time-dependent spin polarization.
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KVANTINIO Hg1−xCdxTe / CdTe ŠULINIO LAISVŲJŲ ELEKTRONŲ BEI SKYLIŲ SUKINIO
SAVYBĖS

A. Dargys

Puslaidininkių fizikos institutas, Vilnius, Lietuva

Santrauka
Pasitelkus aštuonių juostų k · p hamiltonianą, išnagrinėtos

Hg1−xCdxTe / CdTe kvantinių šulinių su invertuotomis energijos
juostomis sukinio savybės. Energijos juostų suskilimas, susijęs su
sukinio laisvės laipsniu ir Kramerso poromis, buvo įskaitytas arba
per Rashbos hamiltonianą, arba per išorinio lauko hamiltonianą.
Išnagrinėti sukinio paviršių, kurie nusako sukinio dydžio priklau-

somybę nuo jo krypties, pavidalai. Parodyta, kad balistinių dvi-
mačių elektronų sukinio paviršiai bendru atveju turį elipsoidinį, o
ne labiau įprastą sferinį pavidalą. Ribiniais atvejais sukinio pavir-
šiai gali transformuotis į diską, tiesę arba Blocho sferą. Grafiškai
pateiktos dvimačių elektronų ir skylių sukinio paviršių formos suki-
nio erdvėje, esant įvairiems laisvojo krūvininko bangos vektoriams
ir skirtingoms kvantinį šulinį sudarančio junginio Hg1−xCdxTe su-
dėtims.


